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A B S T R A C T
This paper proposes a strictly predefined-time convergent and anti-noise fractional-order zeroing neu-
ral network (SPTC-AN-FOZNN) model, meticulously designed for addressing time-variant quadratic
programming (TVQP) problems. This model marks the first variable-gain ZNN to collectively
manifest strictly predefined-time convergence and noise resilience, specifically tailored for kinematic
motion control of robots. The SPTC-AN-FOZNN advances traditional ZNNs by incorporating a
conformable fractional derivative in accordance with the Leibniz rule, a compliance not commonly
achieved by other fractional derivative definitions. It also features a novel activation function designed
to ensure favorable convergence independent of the model’s order. When compared to five recently
published recurrent neural networks (RNNs), the SPTC-AN-FOZNN, configured with 0 < 𝛼 ≤ 1,
exhibits superior positional accuracy and robustness against additive noises for TVQP applications.
Extensive empirical evaluations, including simulations with two types of robotic manipulators and
experiments with a Flexiv Rizon robot, have validated the SPTC-AN-FOZNN’s effectiveness in
precise tracking and computational efficiency, establishing its utility for robust kinematic control.

1. Introduction
Quadratic programming (QP) problems are central to di-

verse scientific and engineering domains, particularly artifi-
cial intelligence and robotic kinematic control (Boyd & Van-
denberghe, 2004; Jin et al., 2018; Zhang & Jin, 2017). These
challenges are often formulated as time-variant quadratic
programming (TVQP) problems (Boyd & Vandenberghe,
2004; Chong & Żak, 2013). The ubiquity of QPs has cat-
alyzed the development of advanced algorithms for their res-
olution (Mandal, 2023). Recurrent neural networks (RNNs),
known for their time-series processing capability, have be-
come prominent solvers for these problems due to their
ability to operate in parallel hardware realizations (Huang
et al., 2016; Li, 2018; Lu et al., 2019). However, traditional
Gradient Neural Networks (GNNs), a subset of RNNs, are
typically aligned with time-invariant problems and have
shown limitations like lagging-behind errors when applied
to TVQP challenges (Lu et al., 2019; Zhang & Yi, 2011).

In response to these deficiencies, Zeroing Neural Net-
work (ZNN) models have been developed, providing a re-
liable framework for solving TVQP problems (Jin et al.,
2017; Liu et al., 2023). ZNN models have exhibited expo-
nential convergence in kinematic control of robots, with the
choice of activation functions significantly affecting their
convergence performance (Li et al., 2021; Qi et al., 2022).
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This has led to the establishment of finite-time, fixed-time,
and predefined-time convergent ZNNs (Becerra et al., 2018;
Chen et al., 2020; Li et al., 2013; Li, 2018; Li et al., 2019,
2021, 2020; Xiao et al., 2023). Moreover, variable gains have
been identified as a factor influencing the convergence rate
and precision of ZNNs (Li & Zhang, 2011). Nevertheless,
the use of large constant gains or progressively increasing
variable gains poses significant challenges in hardware im-
plementations, primarily due to limited power budgets and
other practical constraints (Zhang & Yi, 2011). Additionally,
the susceptibility of ZNNs to noises (Li et al., 2024, 2019),
such as measurement and computational round-off inaccu-
racies in hardware realizations, further complicates their de-
ployment in real-world settings, thus highlighting a crucial
gap in their practicality and robustness under variable-gain
conditions.

Building upon the distinctive characteristics of the PTC-
FOZNN model (Yang et al., 2024a), which shows enhanced
convergence traits under a time-shrinking gain with a suit-
ably designed activation function, this paper proposes, for
the first time, the strictly predefined-time convergent and
anti-noise fractional-order zeroing neural network (SPTC-
AN-FOZNN) model to address TVQP problems. The SPTC-
AN-FOZNN innovatively incorporates a novel activation
function that ensures noise resilience and strictly predefined-
time convergence, independent of the model’s order. Numer-
ical validations highlight the SPTC-AN-FOZNN’s superior
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convergence performance compared to five recently estab-
lished RNN models. Furthermore, its utility as an inverse-
kinematics solver for robotic motion planning tasks has been
strictly confirmed. The paper’s contributions include:

(1) This research signifies a measured advancement in
the development of strictly predefined-time convergent and
noise-resilient activation functions for a class of hardware-
friendly variable-gain ZNNs, known in our framework as
FOZNNs. This results in a novel SPTC-AN-FOZNN model
for successful tackling of TVQP problems.

(2) A rigorous proof of the SPTC-AN-FOZNN’s strictly
predefined-time convergent and noise-tolerant characteris-
tics, demonstrating its practical applicability in kinematic
control of robotic manipulators.

(3) Superior convergence precision and robustness against
additive noises of the SPTC-AN-FOZNN when compared to
five other RNN models, validated through an illustrative nu-
merical example and complementary empirical evaluations,
including simulations and experiments with a Franka Emika
Panda robot and a Flexiv Rizon robot.

The paper is organized as follows: Section 2 discusses
TVQP problems and relevant preliminary theory in the
formulation of traditional RNNs. Section 3 details the SPTC-
AN-FOZNN and its convergence analysis. Section 4 presents
numerical validations, showcasing the model’s efficacy for
TVQPs. Section 5 applies the SPTC-AN-FOZNN to robotic
kinematic control, illustrating its practical application through
simulations and experiments. Section 6 concludes the paper.

2. Preliminary theory
2.1. Problem formulation and preliminaries

A continuous-time RNN model can be mathematically
represented as follows (Haykin, 1999; Yi & Tan, 2004):

𝑥̇ = (𝑥(𝑡), 𝑡), 𝑡 ∈ [0,∞) (1)
where 𝑥(𝑡) ∈ ℝ𝑛 denotes the state vector of the system, and
𝑥0 = 𝑥(0) specifies the system’s initial state. The function
(⋅) represents a proper dynamic functional. Assume that
the origin, 𝑥(𝑡) = 0 serves as the equilibrium state of the
system, the following definitions relevant to the convergence
theory can be outlined,
Definition 1. (Bhat & Bernstein, 2000) The origin of the sys-
tem (1) is defined as locally finite-time stable if a nonempty
open set Ω around the origin, along with a locally bounded
settling-time function 𝑇 ∶ Ω∖{0} → ℝ+ ∪ {0} exists to
ensure that any trajectory 𝑥(𝑡, 𝑥0) originating from an initial
state 𝑥0 ∈ Ω∖{0} converges to the origin for all 𝑡 ≥ 𝑇 (𝑥0).

Definition 2. (Polyakov, 2012) The origin of the system
(1) is defined as locally fixed-time stable when it is not
only locally finite-time stable but also satisfies the condition
where a constant 𝑇max > 0 exists such that 𝑇 (𝑥0) ≤ 𝑇max for
all 𝑥0 ∈ Ω. Furthermore, the origin of system 1 is said to be
globally fixed-time stable if Ω = ℝ𝑛.

Definition 3. (Sanchez-Torres et al., 2015) The origin of the
system (1) with a predefined constant 𝑡𝑐 > 0 is defined as lo-
cally predefined-time stable when it is not only locally fixed-
time stable but also satisfies the condition where 𝑇 (𝑥0) ≤ 𝑡𝑐
for all 𝑥0 ∈ Ω. Furthermore, the origin of system (1) is said
to be globally predefined-time stable if Ω = ℝ𝑛.

Definition 4. (Becerra et al., 2018) The origin of the sys-
tem (1) is termed as weakly predefined-time stable if it is
predefined-time stable with 𝑇 (𝑥0) ≤ 𝑡𝑐 for all 𝑥0 ∈ Ω.

Definition 5. (Becerra et al., 2018) The origin of the sys-
tem (1) is termed as strictly predefined-time stable if it is
predefined-time stable with sup𝑥0∈Ω 𝑇 (𝑥0) = 𝑡𝑐 .

Remark 1. According to the above definitions, it is known
that an RNN model that achieves predefined-time conver-
gence (PTC) also satisfies fixed-time convergence (FIXTC)
and finite-time convergence (FNITC) conditions. The strictly
predefined-time convergence (SPTC) characteristic of the
RNN model guarantees consistent performance and de-
pendability. In constrast to the weakly PTC (WPTC), the
SPTC guarantees that the model converges exactly at a user-
prescribed time 𝑡𝑐 .The integration of noise resistance with predefined-time
convergence in the RNN model enhances its robustness
against disturbances and sensor noise, critical in dynamic
settings. This robustness ensures that the RNN consistently
meets strict timing constraints and maintains reliable per-
formance, even under variable conditions. Such capabilities
are essential in precision-dependent applications like robotic
surgery and autonomous vehicle navigation, where safety
and effectiveness hinge on accurate timing and stable op-
eration. Together, these features significantly broaden the
practical utility and reliability of RNN models.

Given the reasons in Remark 1, this work explores a
strictly predefined-time convergent and anti-noise recurrent
neural solution to the following TVQP problem:

min 𝑥T(𝑡)𝐻(𝑡)𝑥(𝑡)∕2 + 𝜌T(𝑡)𝑥(𝑡)
s.t. 𝐴(𝑡)𝑥(𝑡) = 𝑏(𝑡)

𝐶(𝑡)𝑥(𝑡) ≤ 𝑑(𝑡)
(2)

where 𝐻(𝑡) ∈ ℝ𝑛×𝑛 is positive semi-definite, 𝐴(𝑡) ∈ ℝ𝑚×𝑛

and 𝐶(𝑡) ∈ ℝ𝑝×𝑛 are matrices of full row rank, and 𝜌(𝑡) ∈
ℝ𝑛, 𝑏(𝑡) ∈ ℝ𝑚 and 𝑑(𝑡) ∈ ℝ𝑝 are vectors of proper
dimensions. If the solution to (2) exists, it is termed as the
Karush-Kuhn-Tucker (KKT) point for the TVQP problem
(2).
Lemma 1. (Nazemi & Nazemi, 2014) 𝑥∗(𝑡) ∈ ℝ𝑛 is the KKT
point for the TVQP problem (2) if for every 𝜏 → 0+ there
exist the Lagrangian multipliers 𝜙∗(𝑡) ∈ ℝ𝑚 and𝜑∗(𝑡) ∈ ℝ𝑝

satisfying

⎧

⎪

⎨

⎪

⎩

𝐻(𝑡)𝑥∗(𝑡) + 𝜌(𝑡) + 𝐴T(𝑡)𝜙∗(𝑡) + 𝐶T(𝑡)𝜑∗(𝑡) = 0
𝐴(𝑡)𝑥∗(𝑡) − 𝑏(𝑡) = 0
𝜓𝜏𝐹𝐵 (𝑑(𝑡) − 𝐶(𝑡)𝑥∗(𝑡), 𝜑∗(𝑡)) = 0

(3)
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where 𝜓𝜏𝐹𝐵 represents the perturbed Fischer-Burmeister
(FB) function.

The perturbed FB function is defined as (Nazemi &
Nazemi, 2014):

𝜓𝜏𝐹𝐵(𝑢, 𝑣) = 𝑢+ 𝑣−
√

𝑢 ⊙ 𝑢 + 𝑣 ⊙ 𝑣 + 𝜏, 𝜏 → 0+ (4)
where 𝑢, 𝑣 ∈ ℝ𝑛 are two vectors of same dimensions.
𝜏 ∈ ℝ𝑛 denotes a small perturbation term, the symbol
⊙ represents the element-wise product operation, and it is
worthwhile mentioning the square root also applies to the
vector element-wisely.

In accordance with the locally Lipschitz continuity con-
dition detailed in Effati & Nazemi (2006), this study asserts
the uniqueness of the optimal solution for the TVQP problem
(2). Supported by Lemma 1, the TVQP problem (2) can be
effectively resolved via determining the solution to a time-
variant quasi-linear equation (TVQLE):

𝑓 (𝑦(𝑡), 𝑡) = 𝑃 (𝑡)𝑦(𝑢) + 𝑞(𝑡) = 0 (5)
where 𝑦(𝑡) = [𝑥∗T(𝑡), 𝜙∗T(𝑡), 𝜑∗T(𝑡)]T ∈ ℝ𝑛+𝑚+𝑝, and

𝑃 (𝑡) =
⎡

⎢

⎢

⎣

𝐻(𝑡) 𝐴T(𝑡) 𝐶T(𝑡)
𝐴(𝑡) 0 0
−𝐶(𝑡) 0 𝐼

⎤

⎥

⎥

⎦

, 𝑞(𝑡) =
⎡

⎢

⎢

⎣

𝜌(𝑡)
−𝑏(𝑡)

𝑑(𝑡) − 𝑛(𝑡)

⎤

⎥

⎥

⎦

with 𝑛(𝑡) =
√

𝑚(𝑡)⊙ 𝑚(𝑡) + 𝜑∗(𝑡)⊙ 𝜑∗(𝑡) + 𝜏 and 𝑚(𝑡) =
𝑑(𝑡) − 𝐶(𝑡)𝑥∗(𝑡).

Thus, a vector 𝑦(𝑡) satisfying 𝑓 (𝑦(𝑡), 𝑡) = 0 is recognized
as a solution to (3), and the first 𝑛 elements of 𝑦(𝑡) correspond
to the solution for the TVQP problem (2). The solution to
the TVQLE (5) is achievable through the application of two
classes of RNNs, which we will explore in detail in the
subsequent section.
2.2. Traditional GNN and ZNN models

The following discussion includes an examination of two
prevalent RNN models: the GNN model (LeCun et al., 1998)
and the ZNN model (Zhang et al., 2002).
2.2.1. GNN model

For the scalar cost function 𝑒(𝑡) = (𝑓 (𝑦(𝑡), 𝑡))2∕2, the
dynamics of the GNN model is expressed as follows:

𝑦̇(𝑡) = −𝛾∇𝑒(𝑦) = −𝛾
𝜕𝑒(𝑡)
𝜕𝑦(𝑡)

= −𝛾𝑀T(𝑡)𝑓 (𝑦(𝑡), 𝑡) (6)

where 𝛾 > 0 denotes the learning rate or gain factor,
∇𝑒(𝑦) ∶= 𝜕𝑒(𝑡)∕𝜕𝑦(𝑡) stands for the gradient of the cost func-
tion with respect to 𝑦(𝑡), and 𝑀(𝑡) represents the coefficient
matrix in (8).
Remark 2. To improve convergence performance, innova-
tive GNN variants have been developed (Liao et al., 2020;
Yang et al., 2024d; Yu et al., 2024). A prime example is
the fractional-order GNN (FO-GNN) model (Yang et al.,
2024d), which is distinguished by its high accuracy and
accelerated convergence rates. Nonetheless, the FO-GNN

model presents significant limitations: the convergence time
cannot be explicitly predefined by users, and its resistance to
additive noise remains inadequate.
Remark 3. In scenarios involving time-variant systems, the
GNN model (6) requires frequent recomputation at each time
step, which can lead to persistent residual errors or delayed
convergence, particularly when the computational iterations
are limited (Li et al., 2021). In contrast, ZNNs employ the
evolutionary dynamics involving the derivative information
of the vector-valued error function, theoretically eradicates
the residual errors common in GNN applications.
2.2.2. ZNN model

The traditional ZNN model is represented by the RNN
described in (7), which is designed to strategically drive the
residual error 𝜖(𝑡) = 𝑓 (𝑦(𝑡), 𝑡) towards zero,

𝜖̇(𝑡) = −𝛾Φ(𝜖(𝑡)) (7)
where 𝛾 > 0 represents the learning rate or gain factor, and
Φ(⋅) ∶ ℝ𝑛+𝑚+𝑝 → ℝ𝑛+𝑚+𝑝 signifies the activation function.

The evolution dynamics in (7) can be expanded to pro-
duce an alternative formulation for the ZNN model, i.e.,

𝑀(𝑡)𝑦̇(𝑡) = −𝑁(𝑡)𝑦(𝑡) − 𝜎(𝑡) − 𝛾Φ(𝜖(𝑡)) (8)
where

𝑀(𝑡) =
⎡

⎢

⎢

⎣

𝐻(𝑡) 𝐴T(𝑡) 𝐶T(𝑡)
𝐴(𝑡) 0 0

(

Π1(𝑡) − 𝐼
)

𝐶(𝑡) 0 𝐼 − Π2(𝑡)

⎤

⎥

⎥

⎦

𝑁(𝑡) =
⎡

⎢

⎢

⎣

𝐻̇(𝑡) 𝐴̇T(𝑡) 𝐶̇T(𝑡)
𝐴̇(𝑡) 0 0

(

Π1(𝑡) − 𝐼
)

𝐶̇(𝑡) 0 0

⎤

⎥

⎥

⎦

𝜎(𝑡) =
⎡

⎢

⎢

⎣

𝜌̇(𝑡)
−𝑏̇(𝑡)

(

𝐼 − Π1(𝑡)
)

𝑑̇(𝑡)

⎤

⎥

⎥

⎦

with Π1(𝑡) = diag(𝑚(𝑡) ⊘ 𝑛(𝑡)) and Π2(𝑡) = diag(𝜑∗(𝑡) ⊘
𝑛(𝑡)), where ⊘ denotes the Hadamard division and diag()
represents the diagonalization operation.

In hardware realization of an RNN, extraneous noises are
inevitably present. A typical noise-perturbed ZNN used for
solving the TVQLE (5) can be characterized as follows,

𝑀(𝑡)𝑦̇(𝑡) = −𝑁(𝑡)𝑦(𝑡) − 𝜎(𝑡) − 𝛾Φ(𝜖(𝑡)) + 𝛿(𝑡) (9)
where 𝛿(𝑡) ∈ ℝ𝑛+𝑚+𝑝 represents additive noises, including
computational roundoff errors and states’ measurement in-
accuracies.

In practical scenarios, robotic and mechatronic systems
encounter various types of random noise. Typically, compu-
tational errors such as truncation and discretization present
at lower frequencies, while inaccuracies in state measure-
ment manifest as high-frequency disturbances. Furthermore,
the limits of these noises are often not well-defined. Conse-
quently, the following assumption is integral to our analysis:
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Assumption 1. The additive noise is presumed bounded,
that is, ‖𝛿(𝑡)‖∞ ≤ Δ, with Δ representing a constant upper
bound for the noise magnitude.

Remark 4. This assumption is rooted in the operational
norms of conventional mechatronic systems, which are
not subject to infinitely large or unbounded noise levels.
The noise boundaries are typically specified in machine
datasheets, expressed in units like decibels or signal-to-noise
ratios, which provide tangible metrics essential for our in-
vestigations. Furthermore, more complex noise conditions,
such as mixed-frequency noises, can be treated as linear
combinations of the noise conditions discussed above. We
have no doubt that the proposed model in our work is also
capable of effectively tackling these more complex noisy
systems.

Prior to exploring the design of the fractional-order neu-
ral model, we present a foundational definition and lemma.
Definition 6. (Khalil et al., 2014) The conformable frac-
tional derivative of a n-th order differentiable function ℎ(𝑡)
is defined as:

𝑊𝛼(ℎ)(𝑡) = lim
𝑠→0

ℎ(𝑛)(𝑡 + 𝑠𝑡𝑛+1−𝛼) − ℎ(𝑛)(𝑡)
𝑠

(10)
where 𝑛 < 𝛼 ≤ 𝑛+1 represents the order of the conformable
fractional derivative operator with 𝑛 ≥ 0 being an integer.

A function ℎ is considered 𝛼-differentiable at a point
𝑡 > 0 if the operator 𝑊𝛼(ℎ)(𝑡) is defined at that point.
Furthermore, when 0 < 𝛼 ≤ 1, the conformable fractional
derivative exhibits specific characteristics.
Lemma 2. (Khalil et al., 2014) For 0 < 𝛼 ≤ 1, if 𝑓 and 𝑔
are two 𝛼-differentiable functions at a point 𝑡 > 0, then

(a) 𝑊𝛼(𝑎𝑓 + 𝑏𝑔) = 𝑎𝑊𝛼(𝑓 ) + 𝑏𝑊𝛼(𝑔), for all 𝑎, 𝑏 ∈ ℝ.

(b) 𝑊𝛼(𝑡𝑐) = 𝑐𝑡𝑐−𝛼 for all 𝑐 ∈ ℝ.

(c) 𝑊𝛼(𝐶) = 0 for all constant function 𝑓 (𝑡) ≡ 𝐶 .

(d) 𝑊𝛼(𝑓𝑔) = 𝑓𝑊𝛼(𝑔) + 𝑔𝑊𝛼(𝑓 ).

(e) 𝑊𝛼(𝑓∕𝑔) = (𝑔𝑊𝛼(𝑓 ) − 𝑓𝑊𝛼(𝑔))∕𝑔2.

(f) 𝑊𝛼(𝑓 )(𝑡) = 𝑡1−𝛼𝑓 ′(𝑡) for any 𝑓 (𝑡) ∈ C1(−∞,+∞).

Remark 5. Traditional definitions of fractional derivatives,
such as Riemann-Liouville and Caputo’s definitions, typi-
cally do not adhere to the Leibniz rule (Yang et al., 2024b,
2025), impacting the applicability of properties (d), (e), and
(f) outlined in Lemma 2. In contrast, the conformable frac-
tional derivative, as defined in (10), maintains compliance
with the Leibniz rule. This adherence enhances its suitability
for extending traditional recurrent neural network models
into the fractional-order domain. Moreover, conformable
fractional derivatives, unlike traditional definitions that in-
volve complex integral operations, offer a more straight-
forward formulation that directly generalizes the integer-
order derivative (Yang et al., 2024c). This simplifies the

model’s computational requirements and increases precision
by reducing computational complexity and improving accu-
racy when evaluating transient states between consecutive
integer-order states. This efficiency is particularly beneficial
in neural network controllers tasked with managing highly
dynamic and non-linear system behaviors.

3. Scheme design and convergence analysis
This section elaborates on the design of the SPTC-AN-

FOZNN model. It also provides theoretical justifications to
support model’s strictly predefined-time convergence and its
noise resilience.
3.1. Design of SPTC-AN-FOZNN model

A fractional-order ZNN (FOZNN) model is formu-
lated by substituting 𝜖̇(𝑡) in (7) with conformable fractional
derivative of 𝜖(𝑡), i.e.,

𝑊𝛼(𝜖)(𝑡) = 𝑡1−𝛼 𝜖̇(𝑡) = −𝛾Φ(𝜖(𝑡)) (11)
with its expanded expression given as

𝑀(𝑡)𝑦̇(𝑡) = −𝑁(𝑡)𝑦(𝑡) − 𝜎(𝑡) − 𝛾𝑡𝛼−1Φ(𝜖(𝑡)) (12)
where the order 𝛼 is prescribed within 0 < 𝛼 ≤ 1, and the
term 𝑡𝛼−1 is derived from the property (f) associated with
the conformable fractional derivative as outlined in Lemma
2. Then, the noise-perturbed FOZNN model is presented as

𝑀(𝑡)𝑦̇(𝑡) = −𝑁(𝑡)𝑦(𝑡)−𝜎(𝑡)− 𝛾𝑡𝛼−1Φ(𝜖(𝑡))+ 𝛿(𝑡) (13)
To confer the strictly predefined-time convergence at-

tribute upon the FOZNN model (11) with or without external
noises, we propose the following predefined-time stabilizer
to serve as the activation function,

Φ(𝑥) =

⎧

⎪

⎨

⎪

⎩

1
𝛾𝑡𝛼−1𝑐

(

𝑥
𝑡𝑐−𝑡

+ 𝛾‖𝑥‖2

(𝑡𝑐−𝑡)2
𝑥

‖𝑥‖

)

, 𝑡 < 𝑡𝑐

1
𝛾𝑡𝛼−1

(

𝑥
𝑡𝑝−𝑡

+
(

𝜁 + 𝛾𝑡𝛼−1‖𝑥‖2
(

𝑡𝑝−𝑡
)2

)

𝑥
‖𝑥‖

)

, 𝑡 ≥ 𝑡𝑐

(14)
where 𝑡𝑝 = (1 − exp(−𝜋∕(2

√

𝜁 (𝜁 − Δ))))𝑡𝑐 with 𝑡𝑐 > 0
being the predefined time, and 𝜁 being an arbitrary positive
number greater than Δ. Then, (12) and (13), combined with
(14), establish the SPTC-AN-FOZNN model for solving the
TVQP problem (2).
3.2. Main results in theoretical analysis

Theorems presented herein guarantee the strictly predefined-
time convergence of FOZNNs (12) and (13) under the
activation function (14).
Theorem 1. For the TVQP problem (2) or equivalently, the
TVQLE (5), if the predefined-time stabilizer (14) is utilized,
the neural state vector 𝑦(𝑡) for the non-noise FOZNN model
(12), originating from an initial condition 𝑦0 sufficiently
close to the theoretical initial state 𝑦∗0, can converge to the
theoretical solution 𝑦∗(𝑡) in strictly predefined time 𝑡𝑐 .

Y Yang et al.: Preprint submitted to Elsevier Page 4 of 13



SPTC-AN-FOZNN for solving TVQPs

Table 1
Representative RNN models published recently and their convergence characteristics.

Model Gain Formulation or activation function Convergence ability Noise

FO-GNN 𝛾(𝑡) = 𝛾 𝑦̇(𝑡) = −𝛾
𝑀T (𝑡) 𝜖 (𝑡)
Γ(2 − 𝛼)

⊙ |

|

𝑦𝑖 − 𝑦𝑖−1 + 𝜀||
1−𝛼 INFTC No

(Yang et al., 2024d)

PRAGNN 𝛾(𝑡) = 𝛾 𝑦̇(𝑡) = −𝑘(𝑡)𝑀T(𝑡)𝜖(𝑡) − 𝛾2𝑀T(𝑡)𝜖(𝑡) − 𝛾3
𝑀T(𝑡)𝜖(𝑡)

‖𝑀T(𝑡)𝜖(𝑡)‖
WPTC Yes

(Yu et al., 2024)

SPTC-NT-ZNN 𝛾(𝑡) = 𝛾 Φ(𝑥) =
{

𝑥∕(𝑡𝑐 − 𝑡), 𝑡 < 𝑡𝑐
𝑥 + |𝑥|𝑝 sign(𝑥) + 𝜉 sign(𝑥), 𝑡 ≥ 𝑡𝑐

SPTC Yes
(Li et al., 2024)

NIFZNN 𝛾(𝑡) = 𝛾 𝑦̇ = −
𝑀T(𝑡)𝜖(𝑡)

‖𝑀T(𝑡)𝜖(𝑡)‖2

(

𝜖T(𝑡)
𝜕𝜖(𝑡)
𝜕𝑡

+ 𝛾
‖𝜖(𝑡)‖2

2

)

INFTC No
(Chen et al., 2024)

PTC-FOZNN 𝛾(𝑡) = 𝛾𝑡𝛼−1 Φ(𝑥) = 𝜋
2𝜅𝛾𝑡𝛼𝑐

(

‖𝑥‖1−𝜅 + ‖𝑥‖1+𝜅
) 𝑥
‖𝑥‖ WPTC No

(Yang et al., 2024a)

SPTC-AN-FOZNN 𝛾(𝑡) = 𝛾𝑡𝛼−1 Φ(𝑥) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1
𝛾𝑡𝛼−1𝑐

(

𝑥
𝑡𝑐 − 𝑡

+
𝛾‖𝑥‖2
(

𝑡𝑐 − 𝑡
)2

𝑥
‖𝑥‖

)

, 𝑡 < 𝑡𝑐

1
𝛾𝑡𝛼−1

(

𝑥
𝑡𝑝 − 𝑡

+

(

𝜁 +
𝛾𝑡𝛼−1‖𝑥‖2
(

𝑡𝑝 − 𝑡
)2

)

𝑥
‖𝑥‖

)

, 𝑡 ≥ 𝑡𝑐

SPTC for 0 < 𝛼 ≤ 1 Yes

Note: "INFTC", "SPTC" and "WPTC" means convergence in infinite time, strictly, and weakly predefined time, respectively.
Besides, the listed activation function should be combined with (9) or (13) to give the formulation of the specific model.

Proof. For 𝑡 < 𝑡𝑐 , integrating the designed predefined-time
stabilizer (14) into the FOZNN model (12) yields:

𝜖̇(𝑡) = − 𝑡
𝛼−1

𝑡𝛼−1𝑐

(

𝜖(𝑡)
𝑡𝑐 − 𝑡

+ 𝛾
‖𝜖(𝑡)‖2
(

𝑡𝑐 − 𝑡
)2

𝜖(𝑡)
‖𝜖(𝑡)‖

)

(15)

Design a Lyapunov functional candidate as 𝑉 (𝑡) =
‖𝜖(𝑡)‖∕(𝑡𝑐 − 𝑡). For 𝑡 < 𝑡𝑐 , the time derivative of 𝑉 (𝑡) is

𝑉̇ (𝑡) =
𝜖T(𝑡)

‖𝜖(𝑡)‖
(

𝑡𝑐 − 𝑡
) 𝜖̇(𝑡) +

‖𝜖(𝑡)‖
(

𝑡𝑐 − 𝑡
)2

= − 𝑡𝛼−1
(

𝑡𝑐 − 𝑡
)

𝑡𝛼−1𝑐

(

‖𝜖(𝑡)‖
𝑡𝑐 − 𝑡

+ 𝛾
‖𝜖(𝑡)‖2
(

𝑡𝑐 − 𝑡
)2

)

+
‖𝜖(𝑡)‖

(

𝑡𝑐 − 𝑡
)2

≤ −
𝛾𝑉 2

𝑡𝑐 − 𝑡
≤ 0

(16)
The Lyapunov stability theorem suggests that the origin

is globally finite-time stable. Subsequently, integrating on
both sides of the differential inequality (16) yields:

ln
𝑡𝑐

𝑡𝑐 − 𝑡
= ∫

𝑡

0

d𝜏
𝑡𝑐 − 𝜏

≤ ∫

𝑉 (𝑡)

𝑉 (0)

d𝑉
−𝛾𝑉 2

= 1
𝛾

(

1
𝑉 (𝑡)

− 1
𝑉 (0)

)

(17)
Then, (17) implies that 𝑉 (𝑡) → 0 as 𝑡 → 𝑡𝑐 . Thus, one

can obtain that ‖𝜖(𝑡)‖ = (𝑡𝑐 − 𝑡)𝑉 (𝑡) → 0 as 𝑡 → 𝑡𝑐 . For

𝑡 ≥ 𝑡𝑐 , substituting the activation function (14) into the non-
noise FOZNN model (12) produces:

𝜖̇(𝑡) = −
⎛

⎜

⎜

⎝

𝜖(𝑡)
𝑡𝑝 − 𝑡

+
⎛

⎜

⎜

⎝

𝜁 + 𝛾𝑡𝛼−1
‖𝜖(𝑡)‖2
(

𝑡𝑝 − 𝑡
)2

⎞

⎟

⎟

⎠

𝜖(𝑡)
‖𝜖(𝑡)‖

⎞

⎟

⎟

⎠

(18)

For 𝑡 ≥ 𝑡𝑐 , we consider a Lyapunov functional candidate
𝑉 (𝑡) = ‖𝜖(𝑡)‖∕(𝑡 − 𝑡𝑝), and obtains that

𝑉̇ (𝑡) =
𝜖T(𝑡)

‖𝜖(𝑡)‖
(

𝑡 − 𝑡𝑝
) 𝜖̇(𝑡) −

‖𝜖(𝑡)‖
(

𝑡 − 𝑡𝑝
)2

= 1
𝑡𝑝 − 𝑡

⎛

⎜

⎜

⎝

‖𝜖(𝑡)‖
𝑡𝑝 − 𝑡

+ 𝛾𝑡𝛼−1
‖𝜖(𝑡)‖2
(

𝑡𝑝 − 𝑡
)2

+ 𝜁
⎞

⎟

⎟

⎠

−
‖𝜖(𝑡)‖

(

𝑡 − 𝑡𝑝
)2

≤ −
𝛾𝑡𝛼−1𝑉 2

𝑡 − 𝑡𝑝
−

𝜁
𝑡 − 𝑡𝑝

< 0

(19)
which is always negative, indicating that 𝜖(𝑡) = 0 is strictly
maintained for all 𝑡 > 𝑡𝑐 . This suggests that the non-
noise FOZNN model (12) with the activation function (14)
exhibits strictly predefined-time convergence. ■

Theorem 2. For the TVQP problem (2) or equivalently, the
TVQLE (5), if the predefined-time stabilizer (14) is utilized,
the neural state vector 𝑦(𝑡) for the noise-perturbed FOZNN
model (13), originating from an initial condition 𝑦0 suffi-
ciently close to the theoretical initial state 𝑦∗0, can converge
to the theoretical solution 𝑦∗(𝑡) in strictly predefined time 𝑡𝑐 .
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Proof. For 𝑡 < 𝑡𝑐 , substituting the designed predefined-time
stabilizer (14) into the FOZNN model (13) yields:

𝜖̇(𝑡) = − 𝑡
𝛼−1

𝑡𝛼−1𝑐

(

𝜖(𝑡)
𝑡𝑐 − 𝑡

+ 𝛾
‖𝜖(𝑡)‖2
(

𝑡𝑐 − 𝑡
)2

𝜖(𝑡)
‖𝜖(𝑡)‖

)

+ 𝛿(𝑡) (20)

Design a Lyapunov functional candidate as 𝑉 (𝑡) =
‖𝜖(𝑡)‖∕(𝑡𝑐 − 𝑡). For 𝑡 < 𝑡𝑐 , the time derivative of 𝑉 (𝑡) is

𝑉̇ (𝑡) =
𝜖T(𝑡)

‖𝜖(𝑡)‖
(

𝑡𝑐 − 𝑡
) 𝜖̇(𝑡) +

‖𝜖(𝑡)‖
(

𝑡𝑐 − 𝑡
)2

= − 𝑡𝛼−1
(

𝑡𝑐 − 𝑡
)

𝑡𝛼−1𝑐

(

‖𝜖(𝑡)‖
𝑡𝑐 − 𝑡

+ 𝛾
‖𝜖(𝑡)‖2
(

𝑡𝑐 − 𝑡
)2

)

+
𝜖T(𝑡)𝛿(𝑡)

‖𝜖(𝑡)‖
(

𝑡𝑐 − 𝑡
) +

‖𝜖(𝑡)‖
(

𝑡𝑐 − 𝑡
)2

≤ −
𝛾𝑉 2

𝑡𝑐 − 𝑡
+ Δ
𝑡𝑐 − 𝑡

(21)

The Lyapunov stability theorem suggests that the origin
is globally finite-time stable. Subsequently, integrating on
both sides of the differential inequality (21) gives:

ln
𝑡𝑐

𝑡𝑐 − 𝑡
= ∫

𝑡

0

d𝜏
𝑡𝑐 − 𝜏

≤ ∫

𝑉 (𝑡)

𝑉 (0)

d𝑉
Δ − 𝛾𝑉 2

= 1
2
√

𝛾Δ
ln

|(𝑢(0) − 1)(𝑢(𝑡) + 1)|
|(𝑢(0) + 1)(𝑢(𝑡) − 1)|

(22)
where 𝑢(𝑡) = 𝑉 (𝑡)

√

𝛾∕Δ. Then, from (22), one can observe
that 𝑢(𝑡) → 1 and 𝑉 (𝑡) →

√

Δ∕𝛾 as 𝑡π𝑡𝑐 . Thus, one can
deduce that ‖𝜖(𝑡)‖ = (𝑡𝑐 − 𝑡)𝑉 (𝑡) → 0 as 𝑡π𝑡𝑐 .For 𝑡 ≥ 𝑡𝑐 , substituting the activation function (14) into
the noise-perturbed FOZNN model (13) produces:

𝜖̇(𝑡) = −
⎛

⎜

⎜

⎝

𝜖(𝑡)
𝑡𝑝 − 𝑡

+
⎛

⎜

⎜

⎝

𝜁 + 𝛾𝑡𝛼−1
‖𝜖(𝑡)‖2
(

𝑡𝑝 − 𝑡
)2

⎞

⎟

⎟

⎠

𝜖(𝑡)
‖𝜖(𝑡)‖

⎞

⎟

⎟

⎠

+𝛿(𝑡) (23)

For 𝑡 ≥ 𝑡𝑐 , we consider a Lyapunov functional candidate
𝑉 (𝑡) = ‖𝜖(𝑡)‖∕(𝑡 − 𝑡𝑝), and obtains that

𝑉̇ (𝑡) =
𝜖T(𝑡)

‖𝜖(𝑡)‖
(

𝑡 − 𝑡𝑝
) 𝜖̇(𝑡) −

‖𝜖(𝑡)‖
(

𝑡 − 𝑡𝑝
)2

= 1
𝑡𝑝 − 𝑡

⎛

⎜

⎜

⎝

‖𝜖(𝑡)‖
𝑡𝑝 − 𝑡

+ 𝛾𝑡𝛼−1
‖𝜖(𝑡)‖2
(

𝑡𝑝 − 𝑡
)2

+ 𝜁
⎞

⎟

⎟

⎠

−
‖𝜖(𝑡)‖

(

𝑡 − 𝑡𝑝
)2

+
𝜖T(𝑡)𝛿(𝑡)

‖𝜖(𝑡)‖
(

𝑡 − 𝑡𝑝
)

≤ −
𝛾𝑡𝛼−1𝑉 2

𝑡 − 𝑡𝑝
−
𝜁 − Δ
𝑡 − 𝑡𝑝

< 0

(24)

which is always negative, indicating that 𝜖(𝑡) = 0 is strictly
maintained for all 𝑡 > 𝑡𝑐 . This suggests that the noise-
perturbed FOZNN model (13) with the activation function
(14) exhibits strictly predefined-time convergence. ■

Remark 6. The SPTC-AN-FOZNN is evaluated against a
range of recently developed RNN models as detailed in Table
1. While not the pioneer in achieving strictly predefined-
time convergence and noise resilience—attributes also seen
in the SPTC-NT-ZNN model (Li et al., 2024)—the SPTC-
AN-FOZNN introduces two notable innovations. Firstly,
it employs a fractional-order approach, utilizing a time-
diminishing gain factor, 𝛾(𝑡) = 𝛾𝑡𝛼−1. This approach en-
hances energy efficiency in hardware implementations, espe-
cially as the system approaches the steady state, by reducing
power consumption as 𝑡 → ∞. Secondly, unlike the SPTC-
NT-ZNN, whose piecewise activation function may induce
fluctuations in residual errors at the transition point 𝑡𝑐 , the
SPTC-AN-FOZNN uses a structurally coherent piecewise
function that ensures a smoother transition in error dynamics
at critical time points. These enhancements not only con-
tribute to greater energy efficiency but also ensure more
stable convergence behavior, underscoring the SPTC-AN-
FOZNN’s advancement over existing models. However, it is
worthwhile noting that the computational cost of the SPTC-
AN-FOZNN model, similar to the SPTC-NT-ZNN and PTC-
FOZNN, lags behind the FO-GNN, PRAGNN, and NIFZNN
models, which benefit from simpler operations with lower
algorithmic complexity.

Remark 7. The strictly predefined-time convergence char-
acteristics speculated in the Theorem 1 and Theorem 2 can
be extended to 𝛼 > 1 for the SPTC-AN-FOZNN model.
Consider 𝛼 > 1, the first derivative of 𝑉 (𝑡) in (16) becomes:

𝑉̇ (𝑡) = − 𝑡𝛼−1
(

𝑡𝑐 − 𝑡
)

𝑡𝛼−1𝑐

(

‖𝜖(𝑡)‖
𝑡𝑐 − 𝑡

+ 𝛾
‖𝜖(𝑡)‖2
(

𝑡𝑐 − 𝑡
)2

)

+
‖𝜖(𝑡)‖

(

𝑡𝑐 − 𝑡
)2

≤ − 𝑡
(

𝑡𝑐 − 𝑡
)

𝑡𝑐

(

‖𝜖(𝑡)‖
𝑡𝑐 − 𝑡

+ 𝛾
‖𝜖(𝑡)‖2
(

𝑡𝑐 − 𝑡
)2

)

+
‖𝜖(𝑡)‖

(

𝑡𝑐 − 𝑡
)2

≤ −𝛾𝑡𝑉 2

(𝑡𝑐 − 𝑡)𝑡𝑐
+ 𝑉
𝑡𝑐

(25)
Note that the above differential inequality implies that

𝑉 (𝑡) → 0 as 𝑡→ 0. This is because as 𝑡 gets very close to 𝑡𝑐 ,the first term −𝛾𝑡𝑉 2∕((𝑡𝑐 − 𝑡)𝑡𝑐) might dominate due to the
small value in the denominator. A key aspect to consider is
how 𝑉 (𝑡) behaves to prevent the term from diverging. If 𝑉 (𝑡)
remains bounded and doesn’t tend to zero, this term could
lead to a scenario where 𝑉̇ (𝑡) becomes very large negatively
(since𝑉 2 in the numerator could not offset the rapid decrease
in 𝑡𝑐−𝑡 in the denominator), pushing𝑉 (𝑡) to decrease rapidly.
However, if 𝑉 (𝑡) tends to zero faster than 𝑡𝑐− 𝑡 tends to zero,
the term could remain bounded.
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Figure 1: Profiles of neural states 𝑥1 and neural state 𝑥2 across six models for solving the TVQP problem (26) under the following
noise conditions: (a) and (d) without additive noise; (b) and (e) a low-frequency noise 𝛿(𝑡) = 0.2 cos(𝑡); (c) and (f) a high-frequency
random noise 𝛿(𝑡) = 0.5𝑛̄(𝑡), where 𝑛̄(𝑡) is a white noise signal bounded by 1. (Our SPTC-AN-FOZNN model takes three distinct
𝛼 values)
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Figure 2: Profiles of the residual error ‖𝜖(𝑡)‖ across six models for solving the TVQP problem (26) under the following noise
conditions: (a) without additive noise; (b) a low-frequency noise 𝛿(𝑡) = 0.2 cos(𝑡); (c) a high-frequency random noism 𝛿(𝑡) = 0.5𝑛̄(𝑡),
where 𝑛̄(𝑡) is a white noise signal bounded by 1. (Our SPTC-AN-FOZNN odel takes three distinct 𝛼 values.)

4. Numerical validation
The efficacy of the proposed SPTC-AN-FOZNN model

is evaluated through a comparative study with five recent
RNN models, including the FO-GNN model (Yang et al.,
2024d), PRAGNN model (Yu et al., 2024), SPTC-NT-ZNN
model (Li et al., 2024), NIFZNN model (Chen et al., 2024),
and the PTC-FOZNN model (Yang et al., 2024a). This

assessment is performed on the following TVQP problem:
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min (sin(𝑡)∕8 + 1∕2)𝑥21(𝑡) + (cos(𝑡)∕8 + 1∕2)𝑥22(𝑡)
+ cos(𝑡)𝑥1(𝑡)𝑥2(𝑡)∕2 + cos(3𝑡)𝑥1(𝑡)
+ sin(3𝑡)𝑥2(𝑡)

s.t. cos(4𝑡)𝑥1(𝑡) + sin(4𝑡)𝑥2(𝑡) = sin(2𝑡)
− 1.3 ≤ 𝑥1(𝑡), 𝑥2(𝑡) ≤ 1.3

(26)

where the coefficients associated to the compact form (2) are
𝐴 = [cos(4𝑡), sin(4𝑡)], 𝑏 = sin(2𝑡), 𝑑 = [1.3, 1.3, 1.3, 1.3]T,
𝐶 = [𝐼,−𝐼]T, and

𝐻 =
[

sin(𝑡)∕4 + 1 cos(𝑡)∕2
cos(𝑡)∕2 cos(𝑡)∕4 + 1

]

, 𝜌 =
[

cos(3𝑡)
sin(3𝑡)

]

where 𝐼 denotes an identity matrix. All six models un-
der consideration are discretized using the forward Euler
method, with a discrete step size Δ𝑡 = 1 × 10−3 seconds,
ensuring a consistent evaluation framework. The models
employ a constant gain factor 𝛾 = 2, a predefined time 𝑡𝑐 = 1
s, and parameters 𝑝 = 0.5, 𝜅 = 0.5, Δ = ‖𝛿(𝑡)‖∞, 𝜁 = 5Δ,
𝛾2 = 0, 𝛾3 = 𝜁 , and 𝜉 = 𝜁∕𝛾 are applied to all neural
models. Additionally, 𝜏 = 1 × 10−8 is set for the perturbed
FB function.

In an enhancement to the standard configuration, our
SPTC-AN-FOZNN model introduces a variable gain 𝛾(𝑡) =
𝛾𝑡𝛼−1 where 0 < 𝛼 ≤ 1, aimed at reducing power consump-
tion in hardware implementations through quick mitigation
of the model’s gain. In this simulation, we consider the three
types of additive noise simulated in the computation and
hardware implementation/measurements, namely, 𝛿(𝑡) = 0,
𝛿(𝑡) = 0.2 cos(𝑡), and 𝛿(𝑡) = 0.5𝑛̄(𝑡), with 𝑛̄(𝑡) being a
white noise signal bounded by 1. The neural state profiles
for all models, under the influence of three types of noise
conditions, are depicted in Fig. 1. Fig. 2 showcases the
residual error profiles for the six models, both in noise-
free conditions and under the two specified noise scenar-
ios. It is noteworthy that the SPTC-AN-FOZNN model,
particularly with three distinct values of 𝛼, demonstrates
superior precision and enhanced noise immunity compared
to its counterparts. Notably, this model achieves convergence
(e.g., ‖𝜖(𝑡)‖ ∼ 10−5) within the strictly predefined time
1 second for all three noise scenarios, reducing residual
error by over 90% relative to the SPTC-NT-ZNN and other
RNN models. These findings affirm the SPTC-AN-FOZNN
model’s exceptional efficacy in addressing general TVQP
problems.

Further analysis reveals that in high dynamic range envi-
ronments, where signal variability can be intense and unpre-
dictable, the SPTC-AN-FOZNN model maintains optimal
performance due to its adaptive gain adjustment, 𝛾(𝑡). This
adjustment allows the model to respond more efficiently to
sudden changes in signal amplitude, thereby ensuring faster
convergence rates and substantially reduced error margins.
Additionally, in scenarios characterized by rapid system
state changes, the model’s ability to quickly adapt its gain
in response to the state’s dynamics proves invaluable. These
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Figure 3: The snapshots of the (a) initial, (b) intermediate, and
(c) final phases for a simulated Franka Emika Panda robot
during tracking a heart-shaped path, with the rendered (d)
joint angles, (e) joint velocities, (f) absolute tracking errors by
the SPTC-AN-FOZNN model, and (g) residual errors rendered
by six different neural models with a bounded random noise
𝛿(𝑡) = cos(𝑡) + 𝑛̄(𝑡).

attributes are particularly beneficial in applications demand-
ing stringent real-time performance and robust noise immu-
nity, such as in autonomous robotics and adaptive signal
processing. Such applications often face scenarios where the
rapid and accurate adjustment of control actions is critical to
system stability and operational success, underscoring the
practical relevance and superior performance of the SPTC-
AN-FOZNN model.

5. Kinematic control of robotic manipulators
This section presents the application of the SPTC-AN-

FOZNN model to the kinematic motion control of robotic
manipulators through the formulation of the TVQP problem
below (Li et al., 2021; Zhang & Jia, 2023):

min 𝑞̇T(𝑡)𝑞̇(𝑡)∕2 + 𝜌T(𝑡)𝑞̇(𝑡)
s.t. 𝐽 (𝑡)𝑞̇(𝑡) = 𝑤̇(𝑡)

𝑞− ≤ 𝑞(𝑡) ≤ 𝑞+
𝑞̇− ≤ 𝑞̇(𝑡) ≤ 𝑞̇+

(27)

where 𝑞(𝑡), 𝑞̇(𝑡) ∈ ℝ𝑛 represent the joint angles and ve-
locities of the robotic manipulator, respectively. The vector
𝜌(𝑡) = 𝜄(𝑞(𝑡) − 𝑞0) aids the repetitive motion of the robotic
manipulator, with 𝜄 ∈ ℝ being a positive constant and 𝑞0 the
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Figure 4: The snapshots of the (a) initial, (b) intermediate,
and (c) final phases for a simulated Franka Emika Panda robot
during tracking a Lissajous curve, with the rendered (d) joint
angles, (e) joint velocities, (f) absolute tracking errors by the
SPTC-AN-FOZNN model, and (g) residual errors rendered
by six different neural models with a bounded random noise
𝛿(𝑡) = cos(𝑡) + 𝑛̄(𝑡).

initial joint angle. 𝐽 (𝑡) ∈ ℝ3×𝑛 is the Jacobian matrix, and
𝑤(𝑡) ∈ ℝ3 signifies the desired trajectory of the end-effector.
The bounds 𝑞−, 𝑞+, 𝑞̇− and 𝑞̇+ specify the permissible ranges
for joint angles and velocities.

The problem is transformed into the compact form (2)
with 𝑥(𝑡) = 𝑞̇(𝑡), 𝐻(𝑡) = 𝐼 , 𝐴(𝑡) = 𝐽 (𝑡), 𝑏(𝑡) = 𝑤̇(𝑡),
𝐶(𝑡) = [𝐼,−𝐼]T, and 𝑑(𝑡) = [𝑑+T,−𝑑−T]. According to Li
et al. (2021), extra functions are incorporated to ensure the
smoothness of 𝑑(𝑡) at boundary points, leading to:

𝑑− =

{

𝑞̇−, if 𝑞(𝑡) ∈ [

𝜉1, 𝑞+
]

𝑞̇−
(

1 − 𝜚1(𝑞(𝑡))
)

, if 𝑞(𝑡) ∈ [

𝑞−, 𝜉1
]

𝑑+ =

{

𝑞̇+, if 𝑞(𝑡) ∈ [

𝑞−, 𝜉2
]

𝑞̇+
(

1 − 𝜚2(𝑞(𝑡))
)

, if 𝑞(𝑡) ∈ [

𝜉2, 𝑞+
]

(28)

where 𝜚1(𝑥) = (sin(0.5𝜋(sin(0.5𝜋(𝑥 − 𝜉1)∕𝜉3))2))2, 𝜚2(𝑥) =
(sin(0.5𝜋(sin(0.5𝜋(𝑥 − 𝜉2)∕𝜉4))2))2, 𝜉1 = 𝜅1𝑞−, 𝜉2 = 𝜅2𝑞+,
𝜉3 = 𝑞− − 𝜉1, and 𝜉4 = 𝑞+ − 𝜉2, with 0 < 𝜅1, 𝜅2 < 1 being
two positive constants.
5.1. Simulation validation

To enhance the convincibility of the simulation valida-
tion, two different types of robotic manipulators, namely
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Figure 5: The snapshots of the (a) initial, (b) intermediate,
and (c) final phases for a simulated Franka Emika Panda
robot during tracking a five-petal-plum-shaped path, with the
rendered (d) joint angles, (e) joint velocities, (f) absolute
tracking errors by the SPTC-AN-FOZNN model, and (g)
residual errors rendered by six different neural models with a
bounded random noise 𝛿(𝑡) = cos(𝑡) + 𝑛̄(𝑡).

the Franka Emika Panda robot (Haddadin et al., 2022) and
the Flexiv Rizon robot (Murtaza & Hutchinson, 2022), are
utilized to execute the tracking of three trajectory types:

• Heart-shaped curve:
⎧

⎪

⎨

⎪

⎩

𝑥(𝑡) = 𝑎(2 sin(𝜃) − sin(2𝜃)),
𝑦(𝑡) = 𝑎(2 cos(𝜃) − cos(2𝜃)) − 𝑎,
𝑧(𝑡) = 𝑧0,

(29)

where 𝑎 is a scaling factor, 𝑧0 is a constant, and 𝜃 =
2𝜋𝑡∕𝑇 with 𝑇 being the total simulation time.

• Lissajous curve:
⎧

⎪

⎨

⎪

⎩

𝑥(𝑡) = 𝐴 sin(2𝜋𝑎𝑡∕𝑇 + 𝛿),
𝑦(𝑡) = 𝐵 sin(2𝜋𝑏𝑡∕𝑇 ),
𝑧(𝑡) = 𝑧0,

(30)

where 𝐴 = 0.06 and 𝐵 = 0.06 are amplitudes, 𝑎 = 3
and 𝑏 = 2 are frequency factors, and 𝛿 = 𝜋∕2 is the
phase difference.
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Figure 6: The snapshots of the (a) initial, (b) intermediate,
and (c) final phases for a simulated Flexiv Rizon robot during
tracking a heart-shaped path, with the rendered (d) joint
angles, (e) joint velocities, (f) absolute tracking errors by the
SPTC-AN-FOZNN model, and (g) residual errors rendered
by six different neural models with a bounded random noise
𝛿(𝑡) = cos(𝑡) + 𝑛̄(𝑡).

• Five-petal-plum-shaped curve:
⎧

⎪

⎨

⎪

⎩

𝑥(𝑡) = 𝑟
(

cos(𝜙) + cos(𝑛𝜙)
𝑛

)

,

𝑦(𝑡) = 𝑟
(

sin(𝜙) + sin(𝑛𝜙)
𝑛

)

,
𝑧(𝑡) = 𝑧0,

(31)

where 𝜙 = 2𝜋 sin (𝜋𝑡∕2∕𝑇 ) sin (𝜋𝑡∕2∕𝑇 ), 𝑟 = 0.1 is
the radius, and 𝑛 = 5 is the number of lobes.

These trajectories provide a comprehensive test bed to
evaluate the performance of the robotic arms under various
dynamic conditions. The choice of complex trajectories like
heart-shaped, Lissajous, and five-petal plum-shaped paths
allows for rigorous assessment of the control algorithms in
handling intricate movement patterns, crucial for real-world
robotic applications.

The simulations are operationalized within the the Cop-
peliaSim’s virtual environment (Rohmer et al., 2013), tack-
ling a kinematic motion planning task with the noise-
perturbed neural network controller. Specifically, the SPTC-
AN-FOZNN model, configured with 𝛼 = 0.5 and a prede-
fined convergence time of 𝑡𝑐 = 0.01 s, addresses the control
challenges posed by a random noise 𝛿(𝑡) = cos(𝑡) + 𝑛̄(𝑡),
where 𝑛̄(𝑡) represents the white noise bounded by 1.
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Figure 7: The snapshots of the (a) initial, (b) intermediate,
and (c) final phases for a simulated Flexiv Rizon robot during
tracking a Lissajous curve, with the rendered (d) joint angles,
(e) joint velocities, (f) absolute tracking errors by the SPTC-
AN-FOZNN model, and (g) residual errors rendered by six
different neural models with a bounded random noise 𝛿(𝑡) =
cos(𝑡) + 𝑛̄(𝑡).

In the context of motion planning, the robot’s end-
effector position is specified with precision, while the other
degrees of freedom remain unconstrained. The range of joint
angles for the two types of robotic manipulators is set as
follows:

• Lower limit (𝑞−):
−[161◦, 131.5◦, 172.5◦, 107◦, 172.5◦, 82.5◦, 172.5◦]T

• Upper limit (𝑞+):
+[161◦, 131.5◦, 172.5◦, 155◦, 172.5◦, 262.5◦, 172.5◦]T

These limits are consistent with the specified joint angle
range for the real robot arm. Additionally, the joint-velocity
bounds are established at 𝑞̇− = −0.65 rad/s and 𝑞̇+ = 0.65
rad/s, with a scaling factor 𝜄 set to 1. This setup ensures
that the robot operates within safe and efficient kinematic
parameters.

The subplots (a)-(c) in Fig. 3-8 highlight the simulation
results, illustrating the end-effector’s precision in tracking
the designated path. The subplots (d) and (e) detail the joint
angles and velocities, confirming their cycling back to ini-
tial positions, thereby substantiating the SPTC-AN-FOZNN
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Figure 8: The snapshots of the (a) initial, (b) intermediate,
and (c) final phases for a simulated Flexiv Rizon robot during
tracking a five-petal-plum-shaped path, with the rendered (d)
joint angles, (e) joint velocities, (f) absolute tracking errors by
the SPTC-AN-FOZNN model, and (g) residual errors rendered
by six different neural models with a bounded random noise
𝛿(𝑡) = cos(𝑡) + 𝑛̄(𝑡).

model’s capability in precise kinematic motion planning.
This model effectively maintains all joint movements within
specified limits, with tracking errors in three dimensions
kept around 10−4 meters. Additionally, the subplot (g) in Fig.
3-8 showcases the residual errors 𝜖(𝑡) = 𝑓 (𝑦(𝑡), 𝑡) across six
different RNN models, verifying the SPTC-AN-FOZNN’s
compliance with predefined-time convergence as theorized
in Section 3.2. The comparative analysis underlines its su-
perior tracking precision and robustness against additive
noises, reinforcing its suitability for complex robotic kine-
matic control applications.
5.2. Experimental validation

To evaluate the performance of the SPTC-AN-FOZNN
model, the experimental setup incorporates the Flexiv Rizon
robot system, as illustrated in the schematic diagram of Fig.
9. The robot is controlled via a workstation running the
Robot Operating System (ROS), which communicates with
the control interface through an Ethernet connection. Joint
positions (𝑞) and velocities (𝑞̇) are measured using transduc-
ers, including optical encoders for angular positions of each
joint, an inertial measurement unit (IMU) for dynamic joint
angular velocity feedback, and an external calibrated camera
for additional measurement of the end-effector’s tracking

Transducers

Camera IMU Optical encoder

WorkstationEthernet

Optimized
joint
position 𝑞

Control interface

Flexiv Rizon robot system

Feedback
states

Trajectory 𝜔(𝑡)
Joint
position 𝑞

Joint
velocity 𝑞̇

External measurement system

Calibration

𝑞

𝑞, 𝑞̇, 𝜔

Figure 9: Schematic diagram for the experimental design of
the Flexiv Rizon robot’s kinematic control system.

position. These sensor readings are treated as the real joint
angles rather than the joint angles obtained through resolu-
tion methods. The experimental configuration considers en-
vironmental factors such as the variability in sensor readings
and external disturbances. The noise model employed in the
tests consists of random white noise with a sufficiently large
upper bound to simulate real-world operational uncertain-
ties. These configurations ensure the robustness of the model
in scenarios involving unpredictable system dynamics and
environmental disturbances.

The Flexiv Rizon robot is programmed to perform cycli-
cal motions along a five-petal-plum-shaped trajectory, as
demonstrated in Fig. 10(a). The measured joint angles and
velocities, depicted in Fig. 10(c) and (d), confirm the cyclical
nature of the motions, with the robot consistently returning
to its initial states. Fig. 10(b) portrays the three-dimensional
trajectory of the robot’s end-effector relative to the refer-
ence path, highlighting the achieved path-tracking accuracy
ranging from 10−4 and 10−3 meters, thus aligning with the
order of positional precision (∼ 0.5 mm) calibrated in our
lab and claimed in the Flexiv Rizon robot’s datasheet. In
addition, the joint torques measured during the experiment
are presented in Fig. 10(f), indicating stable and smooth
motion of the robot, crucial for successful path-tracking.
These results collectively affirm the SPTC-AN-FOZNN’s
effectiveness and its applicability in robotic motion control
tasks.

6. Conclusion
This paper develops the SPTC-AN-FOZNN model, tai-

lored for resolving TVQP problems, with a particular em-
phasis on its deployment in kinematic motion control of
robots. Theoretical analysis confirmed that the SPTC-AN-
FOZNN model achieves strictly predefined-time conver-
gence and exhibits anti-noise characteristics. Numerical as-
sessments involving an illustrative TVQP example across
six distinct RNN models, demonstrated that the SPTC-
AN-FOZNN model outperforms other RNNs in terms of
convergence precision and robustness. The practicability of
the SPTC-AN-FOZNN model is further underscored by its
successful application to the kinematic motion control of
a Franka Emika Panda robot and a Flexiv Rizon robot.
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Figure 10: (a) Image of the experimental configuration, (b)
comparison of the actual trajectory with the designed five-
petal plum-shaped path, and the profiles of (c) joint angles,
(d) joint velocities, (e) absolute tracking errors and (f) real-
time joint torques produced by the SPTC-AN-FOZNN model
on the actual experimental platform.

This marks a seminal demonstration of a strictly predefined-
time convergent ZNN model with time-diminishing variable
gain. This innovation suggests promising future directions
for more energy-efficient ZNN hardware architectures ex-
hibiting strictly user-prescribed-time convergence.

While effective, the current model has limitations that
require further exploration. Its reliance on fixed parameters,
like 𝛼 values and noise properties, may restrict its use in
varied environments or complex systems. It also assumes
predictable and uniform noise, which is often unrealistic
in dynamic, real-world scenarios. Future work could focus
on adaptive parameter tuning to improve the model’s re-
sponsiveness to abrupt changes in system dynamics or noise
conditions.
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